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The thermoelectric transport through a benzene molecule with three metallic terminals is dis-
cussed. Using general local and non-local transport coefficients, we investigated different conduc-
tance and thermopower coefficients within the linear response regime. Based on the Onsager coef-
ficients which depend on the number of terminal efficiencies, efficiency at maximum power is also
studied. In the three-terminal set up with tuning temperature differences, a great enhancement of
the figure of merit is observed. Results also show that the third terminal model can be useful to
improve the efficiency at maximum output power compared to the two-terminal model.
PACS numbers: 85.65.+h, 85.80.Fi
I. INTRODUCTION
Thermoelectricity has recently received enormous at-
tention due to the powerful ways of energy conversion.
Enhancing the efficiency of thermoelectric materials, in
the whole range spanning from macro- to nano-scales, is
one of great importance for several different technological
applications1–4. The efficiency of a thermoelectric device
consisting of two terminals is determined by its thermo-
electric figure of merit (ZT = GS
2
K T ), where T is the
temperature, S is the Seebeck coefficient (thermopower),
G is the electrical conductance, and K is the thermal
conductance given by K = Kp + Ke where Kp (Ke) is
the phononic (electronic) contribution to K. Clearly, ZT
can be increased by enhancing the power factor (S2GT )
or reducing the thermal conductivity and therefore a
high-performance thermoelectric material should possess
a large thermopower and electrical conductivity and si-
multaneously a low thermal conductivity. As these fac-
tors are correlated, increasing ZT to values greater than
unity is challenging. One promising approach has been
to reduce the contribution of phonons by nanostructuring
materials5.
While most of the researches have been conducted in
two-terminal setups, transport in multi-terminal devices
has begun to be investigated since these more complex
designs may offer additional advantages6–16. An interest-
ing perspective, for instance, is the possibility to exploit a
third terminal in order to decouple the charge and energy
flows and improve thermoelectric efficiency17–20.
From an application point of view, the systems
with high thermoelectric efficiency would be useful for
waste energy harvesting21–23. Since the efficiency at
maximum power monotonically depends on the ther-
moelectric figure of merit24, it is important to find
heterostructures25–28 or bulk materials29, where the
large thermopower guarantees high values of ZT . In
this regard multi-terminal nanostructures offer enhanced
flexibility and therefore it might be useful to im-
prove efficiency7,30–32 especially under broken time-
reversal symmetry11,17,18. In these structures, the non-
equilibrium conditions are accompanied by significant
non-local effects which require proper definitions of trans-
port coefficients. Mazza et al. derived an analytical ex-
pression for local and non-local transport coefficients and
investigated how a third terminal could improve the per-
formance of a quantum system30. In addition, Mechaleck
et al. propose an experimental protocol for determination
of the transport coefficients in terms of the local and non-
local conductances and thermopowers in three-terminal
structures with a quantum dot33. Erdman et al., study
the thermoelectric properties and heat-to-work conver-
sion performance of an interacting, multi-level quantum
dot (QD) weakly coupled to electronic reservoirs34.
The nanostructuring of materials is also a crucial fac-
tor in the improvement of power factor because it can
yield sharp features in the electronic density of states and
the transmission coefficient which describe the propaga-
tion of electrons through a device. Even though these
existed works, it is still desirable to explore new low-
dimensional thermoelectric materials. In particular, the
rapidly growing amount of research in atomic and molec-
ular nanostructures should be notices. In this spirit, the
use of single-molecule junctions has become an interest-
ing topic in the field of molecular electronics. They are
a powerful tool for detection of the intrinsic physical and
chemical properties35–43. The charge transport through
the single benzene molecular junction has attracted a
considerable attention and has become one of the most
intensively studied nanoscale systems. Based on the ben-
zene molecular junction, researchers able to manipulate
single-molecule devices were in the Coulomb blockade
regime41, observed the quantum interference effect42 and
studied the thermoelectric effects43 in both experimental
and theoretical methods.
We consider a benzene molecule for the central region
since this configuration can highlight a series of com-
plex interference effects due to multiple allowed path-
ways which can lead to Fano-like resonances in the trans-
mission spectrum44. Note that quantum effects yielding
Fano resonances in the transmission spectra were pre-
dicted to have an impact on the thermoelectric efficiency
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2FIG. 1: A schematic view of the benzene molecule coupled to
three nonmagnetic leads.
of single molecule devices45, nanoscale junctions46 and
quantum dot systems47–49. In addition to the dramatic
effects of quantum interference on the performance of
our system as a heat engine, our aim is to investigate
how the efficiencies at maximum output power, output
power, and figures of merit evolve when the system is
driven from a two terminal to a three-terminal configu-
ration.
The rest of the paper is structured as follows: section-
II provides theory and formalism. Results are presented
in section-III and section-IV gives a summary and con-
clusion.
II. MODEL, THEORY AND FORMALISM
Fig.1 shows a benzene molecule connected to three
nonmagnetic leads, which can be described by the Hamil-
tonian as follows
H = Hleads +Hm +Htun
where Hleads =
∑
αk εαkc
†
αkcαk is the Hamiltonian of
three (α = R,P, L) leads connected to the benzene
molecule. c†αk creates an electron in the α = L,P,R
lead with energy εk. The Hamiltonian of the benzene
molecule is Hm =
∑
i εid
†
idi + t
∑
ij(d
†
idj + h.c), where
d†i (di) is the creation (annihilation) operator of an elec-
tron at site i in the benzene molecule, εi and t de-
scribe the on-site energy and the nearest-neighbour hop-
ping integral in the benzene molecule, respectively. The
last term is the tunneling between leads and molecule
Htun =
∑
αki γαki(c
†
αkdi+h.c), where γαki represents the
coupling strength between the molecule and leads. For a
scattering region including a benzene molecule in contact
with three leads, we can express the transmission proba-
bility as T (E) = Tr(ΓiGrΓjGa), where Γα = i(Σα−Σ†α),
(α = L,P,R) is the broadening matrix due to the cou-
pling to leads, where Σα being the self-energy of lead i.
Ga and Gr are advanced and retarded green function of
the molecule, respectively. Note that in the wide band
limit approximation, we set Σα = −iγα2 , where γα does
not depend on energy. This choice yields the identifica-
tion Γα = γα.
A. Non-equilibrium thermodynamics
The system under consideration (see Fig.1) is char-
acterized by three energy and particle currents JUα and
JNα (α = L,R, P ), respectively, which flow from the cor-
responding terminals, in accordance with the constraint∑
α J
U(N)
α = 0. Note that positive values correspond
to flows from the terminals to the system. We will set
electrode R as a reference (TR, µR) ≡ (T, µ). To guar-
antee the linear response regime is considered, we set
(Tα, µα) ≡ (T + δTα, µ+ δµα) with |δµα| /kBT  1 and
|δTα|/T  1 for α = L,P , where kB is the Boltzmann
constant. Two thermodynamic forces XµL,P and X
T
L,P
and their fluxes JNL,P and J
Q
L,P response can describe the
non-equilibrium thermodynamics processes51,52. During
the processes, total charge x transfer from one terminal
to another one is done by work W = −Fx against an ex-
ternal thermodynamic force F . The corresponding force
is XµL,P = F/T which T being the temperature of the
system and F = δµL,P /e, where e is the electron charge.
The thermodynamic flux is defined as JNL,P = dx/dt. We
are interested in the heat to work conversion, that is,
the work is performed by converting part of the heat Q
which flows from the hot terminals. Regarding the linear
regime, the temperature difference δTL,P = TL,P − T is
small compared to TL ≈ TP ≈ TR, thus the thermody-
namic force is XTL,P = δTL,P /T
2, and the heat current is
JQL,P = dQ/dt.
For a three-terminal setup, the elements of the Onsager
matrix is related to eight quantities (details are presented
in Appendix A). The matrix elements can be categorized
in two local and non-local thermopower Sαβ , the electri-
cal Gαβ and thermal Kαβ conductances. The non-local
(α 6= β) coefficients describe how bias driven between
two terminals can influence transport in another termi-
nal . We follow Ref.[ 30] terminology, so let’s define the
transport coefficients for a three-terminal system as fol-
lows
SLL =
1
eT
L(2)13;32
L(2)13;31
, SPP =
1
eT
L(2)14;31
L(2)13;31
SLP =
1
eT
L(2)13;34
L(2)13;31
, SPL =
1
eT
L(2)13;21
L(2)13;31
. (1)
GLL =
e2L11
T
, GPP =
e2L33
T
GLP =
e2L13
T
, GPL =
e2L13
T
. (2)
3KLL =
1
T 2
L12L(2)12;32 − L12L(2)13;32 − L11L(2)23;23
L
(2)
13;31
KPP =
1
T 2
L14L(2)13;43 − L13L(2)14;43 − L11L(2)34;34
L(2)13;31
KLP =
1
T 2
L24L(2)13;31 − L14L(2)13;23 − L34L(2)13;12
L(2)13;31
KPL = KLP (3)
where L(2)ij,kl=LikLlj − LilLkj . It is worth also that by
disconnecting terminal P from the rest, two-terminal well
known formula for Seebeck coefficient, electrical and ther-
mal conductance can be recovered as SLL=
1
eT
L12
L11 , GLL=
e2
T L11 and KLL= 1T 2
L(2)12;12
L11 , respectively. The Onsager co-
efficients Lij are obtained by the linear response expan-
sion of the currents Ji ( see Appendix B).
B. Efficiency at maximum output power
We aim to create a heat engine, so we should consider
its efficiency. But we just interested in the efficiency at
maximum output power η(Pmax). Indeed, we look for
the value of the efficiency at chemical potential which op-
timizes the output power generated by the heat engine.
Thus we first need to define the output power P=dWdt
where W denotes the work performed by the system
against an external force F . This can be recast base on
generalized forces and fluxes as P = −T (JNL XµL+JNP XµP )
Having the output power the the steady-state efficiency
of the heat engine can be defined as the output power P,
divided by the sum of the heat currents absorbed by the
engine η = P∑
α J
Q
α
, with constrain of positive heat cur-
rents in the
∑
α in the denominator . Note that the
signs of the heat currents depend on the details of the
system, thus the efficiency depends on which heat cur-
rents are positive. In the three-terminal model consid-
ered in this work ( see Fig.1), we focus on the situation
where JQR is negative. So the efficiency can be defined
as ηLP =
P
JQL+J
Q
P
when both JQL and J
Q
P are positive
and given as ηL(P ) =
P
JQ
L(P )
when either JQL or J
Q
P is
positive30. For the sake of simplicity and without loss of
generality, we set TL > TP > TR , thus δTL > δTP > 0.
The electrochemical forces XµL,P that maximize output
power at given temperature forces XTL,P can be written
as
XµL =
−eT
2
(
SLPX
T
P + SLLX
T
L
)
XµP =
−eT
2
(
SPLX
T
L + SPPX
T
P
)
(4)
inserting these expressions into the output power yields
Pmax =
T 4
4
(X † M X ) (5)
where X † = [XTL XTP ] and M = [M11 M12M21 M22
]
is a pos-
itive semi-definite matrix, whose elements are defined as
follows,
M12 = M21 = GLPSLPSPL +GLPSLLSPP
+ GPPSPLSPP +GLLSLLSLP
M11 = GLLS2LP + 2 GLPSLPSPP +GPPS2PP
M22 = GLLS2LL + 2 GLPSPLSLL +GPPS2PL (6)
inserting M into Pmax gives
Pmax =
(
T 4
4
)
N 2 (λ1 cos2 θ + λ2 sin2 θ) (7)
where N = ‖(XTL XTP )‖ is the system temperature and
the angle θ determines the rotation in the (XTL X
T
P ) plane
that defines the eigenvectors of M. Here the parameter
ρ =
(
λ1 cos
2 θ + λ2 sin
2 θ
)
has the meaning of power fac-
tor for three-terminal system which relates the maximum
output power to the temperature differences ( for more
details we refer interested readers to Ref. [30]).
Now using Eq.(7), one can obtain the efficiency at max-
imum output power η(Pmax). Analog to the equation of
efficiency at maximum power for two-terminal cases, for
three the terminal configuration, the efficiency at maxi-
mum output power can also be expressed in terms of the
Carnot efficiencies30 as follows
ηL(Pmax) =
ηcL
2
ZM11L T + 2KZM12L T +K2ZM22L T
2F1F + 4KF1 + 2K2 + ZM11L T + 2KZM12L T +K2ZM22L T
=
ηcL
2
ZLT
WL + ZLT
ηP (Pmax) =
ηcP
2
ZM11P T + 2KZM12P T +K2ZM22P T
2K2 FF1 + 4KF + 2 + Z
M11
P T + 2KZM12P T +K2ZM22P T
=
ηcP
2
ZPT
WP + ZPT
ηLP (Pmax) =
ηcLP
2
ZM11LP T + 2KZM12LP T +K2ZM22LP T +O(δT )
2F−1 + 4K + 2F2K−11 + ZM11LP T + 2KZM12P T +K2ZM22P T +O(δT )
' ηcLP
2
ZLPT
WLP + ZLPT(8)
4where the constants, WL=2F1F + 4KK1 + 2K2,
WP=2K2 FF1 + 4KF + 2 and WLP=F
−1
1 +K2F−1 + 2K.
ηcLP , ηcP and ηcL are corresponding Carnot efficiencies.
One has defined the parameters K=XTL
XTP
, F=KLPKPP and
F1=KLPKLL . And the combination of the figure of merit
ZαT =
(
ZM11α + 2KZM12α +K2ZM22α
)
T, (α = L,P )
ZLPT =
(
ZM11LP + 2KZM12LP +K2ZM22LP
)
T (9)
where ZjαT (j=M11,M12,M22) are generalized figures
of merit defined as ZjLT =
jT
KLL
T , ZjPT =
jT
KPP
and
ZjLPT =
jT
KLP
. For detailed calculations, we refer readers
to Ref. [30].
III. RESULTS AND DISCUSSION
In this section, we present the numerical results. The
parameters used are as follows: nearest neighbor hopping
energy in the Benzene molecule is set as t = 1.5eV , and
the coupling are considered constant in the wideband ap-
proximation. For temperature setup we use a parameter
M which is defined by δTP = MδTL. Room temperature
T = 300 is chosen as the reference temperature.
Results of conductance and Seebeck coefficients as a
function of incoming electron energy are plotted in Fig. 2.
For comparison purpose, the two terminal model also
considered (shown in blue line). Two cases of local and
non-local coefficients are labeled with Aαα and Aαβ , re-
spectively, where A = G,S and α, β = L,R, P . We
should also note that the results depicted in Fig. 2 are
based on the configuration-(a) (see Fig. 1) and we fix
M = 0.1. It can be seen that for the two-terminal case,
the electrical conductance (blue line) shows four reso-
nance peaks located at ε = ±1.5eV and ε = ±3eV .
Presence of a third terminal gives rise two types of lo-
cal and non-local coefficients. Except for GLL, the rest
conductances show two Fano-like resonances. One can
explain this feature based on the quantum interferences
effect caused by different pathways of electrons due to the
coupling of the third terminal to the Benzene molecule.
It is also believed that a sharp change in the conduc-
tance characteristic would lead to a sharp enhacenment
of thermopower (Seebeck). For two terminal case at low
temperature this can be easily explained by Mott’s for-
mula S = −pi23 k
2
BT
e
σ′(µ)
σ . It can be seen that for the three
terminal set up a great enhancement takes place for SPP
and SPL.
Now, we consider temperature influence on the figure
of merit particularly focusing on the efficiency at max-
imum power. For a two-terminal configuration, we use
the well known efficiency at maximum power formula as
η‖(Pmax) =
η
‖
C
2
ZT
2+ZT , where ZT =
GS2T
K is the two-
terminal figure of merit. For the three terminal case, we
use Eq.(8). Indeed, in a numerical approach, after fix-
ing parameters, we monitor the heat currents JQα with
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FIG. 2: (Color online) Different thermopowers Sαβ , (α =
L,P ), with local SLL (pink line), SPP (green line) and non-
local SLP (dashed black line), SPL (red line) are plotted in
left panel, and corresponding electrical conductances Gαβ are
plotted in right panel. The blue line shows the results of
the two-terminal case. The temperature difference is fixed by
M = 0.1 and couplings are considered in a symmetric way as
γP = γL = γR = 2.5eV .
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FIG. 3: (Color online) Density plots of figures of merit ZT
for a two-terminal configuration (left panel) and ZLT for
configuration-(a) (right panel) as a function of level position
and temperature. Parameters are the same as Fig. 2
(α = L,R, P ) then regarding the positivity of heat cur-
rent, the corresponding efficiency and finally, the figure
of merit is calculated. We use the same parameters as
Fig. 2. Left and right panels of Fig. 3 show the density
plot of the figure of merit as a function of on-site energy
ε and temperature for a two-terminal configuration and
configuration-(a). One can see that the value of ZLT
for the three terminal case (right panel) is significantly
enhanced in the vicinity of ε = ±1 and reaches a value
' 4.5.
We also consider the thermoelectric properties of
configuration-(b) (see Fig. 1). Among many choices, as
the preceding paragraph, we focus on the figure of merit.
Fig. 4, by tuning M = 0.1 while the temperature dif-
ference between reservoirs L and P is fixed. Again with
monitoring the following JQL > 0 and J
Q
R,P < 0 conditions
the data for η(Pmax) are collected. In this configuration,
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FIG. 4: (Color online) Same as Fig. 3, but for configuration-
(b)
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FIG. 5: (Color online) Efficiency at maximum output power
normalized over Carnot efficiency as a function of M for
configuration-(a). For 0 ≤ M < 0.57 the system absorbs
heat only from reservoir L (JQL > 0, J
Q
R,P < 0) ; for 0.57 ≤
M < 18.5 the system absorbs heat from reservoirs L and P
(JQR < 0, J
Q
L,P > 0); and finally, for 18.5 ≤M ≤ 100 the sys-
tem absorbs heat only from reservoir P (JQP > 0 J
Q
R,L < 0).
the two terminal case shows a big value ' 0.9 for ZT
about ε = 0 which pertains to the quantum interference
effect discussed later. Likewise, for three-terminal model
a great enhancement up to ' 4 near ε = ±2 is observed.
In Fig. 5, the efficiency at maximum output power nor-
malized over Carnot efficiency η(Pmax)/ηc is plotted as
a function of M for configuration-(a). Energy is fixed
at ε = 1.43eV . The chemical potentials (δµL,P ) are
chosen to guarantee maximum output power, i.e., fix-
ing the generalized forces (XTL,P ) to optimize the output
power P. For 0 ≤ M < 0.57 the system absorbs heat
only from reservoir L (JQL > 0, J
Q
R,P < 0); while for
0.57 ≤ M < 18.5 the system absorbs heat from reser-
voirs L and P (JQR < 0, J
Q
L,P > 0); and finally, for
18.5 ≤ M ≤ 100 the system absorbs heat only from
reservoir P (JQP > 0, J
Q
R,L < 0). Note that, to follow the
linear response regime in our work, we set δTL = 10
−3T
for M ≤ 2 and δTP = 10−3T for M > 2. As can be
seen from the Fig. 5, the efficiency at maximum power
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FIG. 6: (Color online) Efficiency at maximum output power,
normalized over the Carnot limit for configuration-(a) as a
function of γP (left panel). Maximum output power extracted
by the thermal machine, as a function of γP (right panel).
Different temperature ratio M = 0 (dotted black line), M =
1(3) (solid green(pink) line), and M = 50 (dashed red line)
corresponding to JQL > 0J
Q
P,R < 0, J
Q
R < 0J
Q
P,R > 0, and
JQP > 0J
Q
L,R < 0 are considered. Other parameters are set as
T = 300K, ε = 1.56eV , and γL = γR = 0.1eV .
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FIG. 7: (Color online) Same as Fig. 6, but for configuration-
(b)
increases dramatically and then stabilizes, raising from
almost zero at M = 0 to reach a saturation value 0.12
about M = 30. It shows that for the strong and symmet-
ric coupling case (γP = γL = γR = 2.5eV ), the efficiency
at maximum output power for the system under consid-
eration cannot exceed 0.12, even if high values of M are
set.
Let’s focus on how the efficiency at maximum output
power and the maximum output power evolve when the
system is driven from a two-terminal to a three-terminal
configuration, that is by tuning γP . The two terminal
system corresponds to γP = 0 and the third terminal is
switched on by increasing γP . For simplicity, the coupling
strengths of terminals L and R are taken equal to γ,
whereas the coupling strength to terminal P is considered
as γP .
Fig.6 drawn for configuration-(a), we set M = 0
(dotted-black line), M = 1, (3) (green, (pink) line)
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FIG. 8: (Color online) η(Pmax)/ηc (left panel) and Pmax
(right panel) for two-terminal model (blue line) and for
configuration-(a) as a function of γL = γR = γ. M = 0,M =
1 if δTL = 10
−3T and M = 10,M = 50 if δTP = 10−3T .
Other parameters are set as T = 300K, ε = 1.56eV , and
γP = 2.0eV .
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FIG. 9: (Color online) Same as Fig.8, but for configuration-(b)
and M = 50 (dashed-red line) leading to ηL(Pmax)/ηc
when the system absorbs heat only from contact L,
ηLP (Pmax)/ηc when the system absorbs heat from con-
tacts L and P , and ηP (Pmax)/ηc when the system ab-
sorbs heat only from contact P , respectively. It is seen
that increasing the coupling γP strength leads to im-
provement of the performance. As shown in Fig. 6 both
ηL(Pmax) and Pmax increase for all values of M when
γP ≥ 0.5eV .
In Fig. 7, we show results for the same quantities but
for configuration-(b). In particular, it can be seen that
for parameters M = 0 and M = 1 the efficiency at max-
imum output power (left panel) and maximum output
power (right panel) increase at small couplings and then
fall down steadily, while for M = 50 and M = 3 these
quantities increase at small couplings γP and then drop
sharply, reaching almost zero at γP = 2eV for M = 50.
Next, in Fig. 8 we show results for η(Pmax)/ηc (left
panel) and Pmax (right panel) for the case of two-
terminal and configuration-(a) with parameters M =
0(M = 1) if δTL = 10
−3T and M = 10(M = 50) if
δTP = 10
−3T , as a function of γL = γR = γ for two
values of γP = 0 and γP = 2.0eV . Note that, for pa-
rameters M = 1, (M = 0) the efficiency coincides with
that of a two-terminal system. Results show that the effi-
ciency at maximum output power for M = 0 and M = 1
tend to η(Pmax)/ηc = 0.5 and η(Pmax)/ηc = 0 in the
limit γ → 0 and γ → ∞, respectively, while the trends
for M = 10 and M = 50 are opposite. For these values
of M , the efficiency at maximum output power tends to
zero in the limit γ → 0 and reaches about 0.15 for strong
coupling limit. The maximum output power saturating
the Carnot bound η(Pmax)/ηc = 0.5 in the limit γ → 0
for two-terminal case which is due to delta shaped trans-
mission function resulting in the divergence of the figure
of merit ZT .The same two contact strong energy depen-
dence of electron transport explains the three-terminal
results. Indeed, the three-terminal model is one way
to achieve a narrow energy-dependent transport. In the
right panel of Fig. 8, the maximum output power show
the same trend as efficiency at maximum power for all
parameters of M .
In Fig. 9, we show the same quantities as in Fig. 8, but
for configuration-(b). As can be seen from the figure at
small coupling γ for M = 1(M = 0), is greater than the
two-terminal setup. In contrast to the two-terminal case
which shows a sharp decrease to zero and then a revival
feature versus coupling change, the three-terminal model
for M = 0, 1 show an exponential decrease. For other M
options, we have not seen eminent trend compared to the
two-terminal model, while for configuration-(a) in Fig. 8
at strong coupling regime these M options showed finite
value for the efficiency at maximum output power and
maximum output power.
Before concluding, we comment on the realization of
our funding. A great challenge in building molecule-
based electronic devices is making reliable molecu-
lar junctions and controlling the electrical current
through the junctions. The mechanically controllable
break junction technique56 with integrated nanoscale
thermocouples57 which is accessible by the current ex-
perimental apparatus would one possible way to test the
theoretical results in this work.
IV. SUMMARY
In summary, with the help of the Landauer-Buttiker
formalism and within time-reversal symmetry, the lin-
ear response thermoelectric properties through a Ben-
zene molecule coupled to three non-magnetic electrodes is
studied. We consider the two well-known para and meta
configurations and added a third terminal in the ortho
position. We focus on the temperature difference and
coupling strength to find a setup which drives the sys-
tem to a condition which can show better efficiency than
the conventional two-terminal junction. By introducing
temperature difference parameter M between terminals
and tuning its value, we found cases where the efficiency
at maximum output power and maximum output power
7of three-terminal configuration exceed the typical two-
terminal model. Particularly, under M = 0.1 the figure
of merit is dramatically influenced by the temperature
for both configurations considered.
Appendix A: Linear response and Onsager
reciprocal relations
The four well-known Onsager matrix L elements, the
electrical conductance G, the Peltier coefficientq, the
thermal conductance K and the Seebeck coefficient S
under certain limitations gauge the transport properties
of the system The case for multi-terminal setup is ex-
tend to the introduction of nonlocal coefficients, which
describe the infeluence of bias driven between two termi-
nals on the another terminal. By assuming linear regime,
namely small thermodynamic forces, the relationship be-
tween fluxes and forces can be as (J = LX)
JNL
JQL
JNP
JQP
 =
L11 L12 L13 L14L21 L22 L23 L24L31 L32 L33 L34
L41 L42 L43 L44


XµL
XTL
XµP
XTP
 (A1)
with time-reversal invariance of the equations of motion,
Onsager found fundamental relations, known as Onsager
reciprocal relations for the cross coefficients of the On-
sager matrix Lij = Lji. Due to the positivity of the
entropy production rate, such a matrix has to be semi-
positive definite (i.e. L ≥ 0) and that it can be used
to introduce a two-terminal configuration that connect
electrode L with electrode R by setting Lj3 = Lj4 =L3j
= L4j = 0 for j = 1, 2, 3, 4.
For a two-terminal system, the Seebeck coefficient S
relates the voltage difference δV between the terminals
to their temperature difference δT with an open circuit
condition ( zero charge current), the electrical conduc-
tance (G) describes the electric current dependence on
the voltage differences between the two-terminal when
two terminals have the same temperature, the thermal
conductance (K) describes the heat current dependence
on the temperature difference δT under the assumption
that no net charge current is flowing through the system,
and the Peltier effect (Π) relates the heat current to the
charge current under isothermal condition. An extension
to the multi-terminal scenario is achieved by introducing
the matrices of elements
Gij =
[
e2JNi
δµj
]
δTk=0 ∀k
; Kij =
[
JQi
δTj
]
JNk =0 ∀k
Sij = −
[
δµi
eδTj
]
Jk=0 ∀k
; Πij =
[
JQi
eJNj
]
δTk=0 ∀k
(A2)
with local (i = j) and non-local (i 6= j) coefficients, e
being the electron charge.
Appendix B: Scattering approach in linear response
regime: The Onsager coefficients
The heat and particles currents through a non-
interacting conductor can be described by the multi-
terminal Landauer-Buttiker approach53. Assuming that
all non-coherent processes, phase breaking and dissipa-
tive, happen in the terminals, the charge and heat cur-
rents from terminal L (reservoir) are given by54,55
JNL =
1
h
∫
dE
∑
j 6=L
[TjL(E)fL(E)− TLj(E)fj(E)]
JQL =
1
h
∫
dE(E − µL)
∑
j 6=L
[TjL(E)fL(E)− TLj(E)fj(E)]
(B1)
where fj(E)=[exp [(E − µj)/kBTj ] + 1]−1 is the Fermi
function and Tij is the transmission probability from ter-
minal L to terminal j. Analogous expressions can be
defined for JNP and J
Q
P , provided the terminal L is sub-
stituted by P .
For a three-terminal configuration, one choose the elec-
trode R as the reference (µR=µ=0, TR=T ). As in the
previous sections, one set µL,P=µ + δµL,P , TL,P=T +
δTL,P . The Onsager coefficients Lij can be obtained from
the linear response expansion (J = LX) of the currents
JNi and J
Q
i (i = L,P ) ;
L11 = −T
h
∫ ∞
−∞
[
f ′(E)
∑
γ 6=L
TLγ(E)
]
dE
L12 = −T
h
∫ ∞
−∞
[
f ′(E)(E − µ)
∑
γ 6=L
TLγ(E)
]
dE = L21
L22 = −T
h
∫ ∞
−∞
[
f ′(E)(E − µ)2
∑
γ 6=L
TLγ(E)
]
dE
L13 = T
h
∫ ∞
−∞
[
f ′(E)TLP (E)
]
dE = L31
L14 = T
h
∫ ∞
−∞
[
f ′(E)(E − µ)TLP (E)
]
dE = L41
L24 = T
h
∫ ∞
−∞
[
f ′(E)(E − µ)2TLP (E)
]
dE = L42
L23 = T
h
∫ ∞
−∞
[
f ′(E)(E − µ)TLP (E)
]
dE = L32
L33 = −T
h
∫ ∞
−∞
[
f ′(E)
∑
γ 6=P
TPγ(E)
]
dE
L34 = −T
h
∫ ∞
−∞
[
f ′(E)(E − µ)
∑
γ 6=P
TPγ(E)
]
dE = L43
L44 = −T
h
∫ ∞
−∞
[
f ′(E)(E − µ)2
∑
γ 6=P
TPγ(E)
]
dE (B2)
where f ′(E) is the Fermi-Dirac distribution derivative
with respect to the energy and T is the temperature.
8As mentioned before, within the time reversal symmetry Lij=Lji.
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